For a subfunction u associated with the stationary Schrödinger operator, which is dominated on the boundary by a certain function on a cone, we correct Theorem 1 in (Qiao and Deng in Glasg. Math. J. 53(3): [599][600][601][602][603][604][605][606][607][608][609][610] 2011). Then by the theorem we generalize some theorems of Phragmén-Lindelöf type for a subfunction in a cone. Meanwhile, we obtain some results about the existence of solutions of the Dirichlet problem associated with the stationary Schrödinger operator in a cone and about the type of their uniqueness. MSC: Primary 31B05
Introduction and main results
To begin with, let us agree to some basic conventions. As usual, let S be an open set in R n (n ≥ ), where R n is the n-dimensional Euclidean space. The boundary and the closure of S are denoted by ∂S and S, respectively. Let P = (X, x n ), where X = (x  , x  , . . . , x n- ), and let |P| be the Euclidean norm of P and |P -Q| be the Euclidean distance of two points P and Q in R n . The unit sphere and the upper half unit sphere are denoted by S n- and S n- + , respectively. For simplicity, the point (, ) on S n- and the set { ; (, ) ∈ } for a set , ⊂ S n- are often identified with and , respectively. For ⊂ R + and ⊂ S n- , the set {(r, ) ∈ R n ; r ∈ , (, ) ∈ } in R n is simply denoted by × . In particular, the half-space R + × S n- + = {(X, x n ) ∈ R n ; x n > } will be denoted by T n . By C n ( ), we denote the set R + × in R n with the domain on S n- and call it a cone. For an interval I ⊂ R + and ⊂ S n- , set C n ( ; I) = I × , S n ( ; I) = I × ∂ and C n ( ; r) = C n ( ) ∩ S r . By S n ( ) we denote S n ( ; (, +∞)), which is ∂C n ( ) -{O}. Furthermore, we denote by dS r the (n -)-dimensional volume elements induced by the Euclidean metric on S r . For P ∈ R n and r > , let B(P, r) denote the open ball with center at P and radius r in R n , then
S r = ∂B(O, r).
We introduce the system of spherical coordinates (r, ), = (θ  , θ  , . . . , θ n- ) for P = (X, x n ) in R n via the following formulas: 
The inverse inequality is much more elaborate when D is a bounded domain in R n . For a bounded domain D in R n , Cranston, Fabes and Zhao (see [] , the case n =  is implicitly
where
is called a subfunction of the Schrödinger operator L a if the generalized mean-value inequality
is satisfied at each point P ∈ D with  < ρ < inf Q∈∂D |P -Q|, where . From now on, we always assume D = C n ( ). For the sake of brevity, we shall write
For positive functions h  and h  , we say that
Let be a domain on S n- with a smooth boundary, and let λ be the least positive eigen-
The corresponding eigenfunction is denoted by ϕ( ) satisfying ϕ  ( ) dS  = . In order to ensure the existence of λ and ϕ( ), we put a rather strong assumption on : if n ≥ , then is a C ,α -domain ( < α < ) on S n- surrounded by a finite number of mutually disjoint closed hypersurfaces (e.g., see Gilbarg and Trudinger [], pp.- for the definition of C ,α -domain). We denote the non-decreasing sequence of positive eigenvalues of
In the expression, we write λ( , k) the same number of times as the dimension of the corresponding eigenspace. When the normalized eigenfunction corresponding to λ( , k) is denoted by ϕ k ( ), the set of sequential eigenfunctions corresponding to the same value of λ( , k) in the sequence {ϕ k ( )} ∞ k= makes an orthonormal basis for the eigenspace of the eigenvalue λ( , k). Hence, for each ⊂ S n- , there is a sequence we denote the set of all positive integers less than k l (k = , , , . . .). In spite of the fact that I(k  ) = φ, the summation over I(k  ) of a function S(k) of a variable k is used by promising
If is an (n -)-dimensional compact Riemannian manifold with its boundary to be sufficiently regular, we see that 
Solutions of an ordinary differential equation
are known (see [] for more references) when the potential a ∈ A D . We know equation (.) has a fundamental system of positive solutions {V , W } such that V is non-decreasing with
and W is monotonically decreasing with
We remark that both V (r, k)ϕ k ( ) and W (r, k)ϕ k ( ) (k = , , , . . .) are a-harmonic on C n ( ) and vanish continuously on S n ( ), where V (r, k) and W (r, k) are the solutions of equation (.) with λ = λ( , k). Let B D be the class of the potentials a ∈ A D such that
When a ∈ B D , the (super)subfunctions are continuous (e.g., see [] ). In the rest of paper, we assume that a ∈ B D and we suppress this assumption for simplicity. Denote
where χ is their Wronskian at r = .
Remark . If a =  and = S
n-
We say that u(P) (P = (r, )) satisfies the Phragmén-Lindelöf boundary condition on S n ( ), namely lim sup
For any given positive real number r, the integral
is denoted by N(F)(r), when it exists. For two non-negative integers p and q, the finite or infinite limit
is denoted by V P (F) (resp. W q (F)), when it exists. If f (l) is a real finite-valued function defined on an interval (, +∞), for any given l  , l  ( < l  < l  < ∞) and l ∈ (, +∞), we have
where F (l; f , V , W , l  , l  ) has the following expression: 
denotes the differentiation at Q along the inward normal into C n ( ) and dσ Q is the surface area element on S n ( ).
For two non-negative integers l, m and two points P = (r, ) ∈ C n ( ) and Q = (t, ) ∈ S n ( ), we put
We introduce two functions of P ∈ C n ( ) and Q = (t, ) ∈ S n ( ) as follows:
The kernel K(C n ( ), l, m)(P, Q) with respect to C n ( ) is defined by
In fact we also know the Green function associated with the stationary Schrödinger operator. Dependent on the related statement above, we are to be concerned with the solutions of the Dirichlet problem for the stationary Schrödinger operator L a on C n ( ) and with their growth properties. Furthermore, we note the existence of solutions of the Dirichlet problem for the stationary Schrödinger operator L a in a cone and the type of their uniqueness. First of all, we start with the following result.
Theorem A Let g(Q) be a continuous function on S n ( ) satisfying
Then the function PI a [g](P) (P = (r, )) satisfies Next, we state our main results as follows.
Theorem . Let l, m be two non-negative integers and g(Q)
is a solution of the Dirichlet problem for the stationary Schrödinger operator on C n ( ) with g satisfying
Theorem . Let l be a non-negative integer and g(Q)
is a solution of the Dirichlet problem for the stationary Schrödinger operator on C n ( ) with g satisfying 
As an application of Theorems A and ., we obtain the following result. 
Theorem . Let p, q be two positive integers satisfying p, q ≥ . Let g(Q) be defined as in Theorem . and h(P) be any solution of the Dirichlet problem for the stationary Schrödinger operator L a on C n ( ) with g. Then all of the limits
V p (h), W q (h), V p (|h|) and W q (|h|) (-∞ < V p (h), W q (h) ≤ +∞,  ≤ V p (|h|), W q (|h|) ≤ +∞) exist. Moreover, when V p |h| < +∞ and W q |h| < +∞, (.) h(P) = PI a [g](P) + k∈I(k p+ ) A h (k)V (r, k)ϕ k ( ) + k∈I(k q+ ) B h (k)W (r, k)ϕ k ( ) (.) for any P = (r, ) ∈ C n ( ), where A h (k) (k = , , . . . , k p+ -) and B h (k) (k = , , . . . , k q+ -) are all constants.∈ I(k p+ ) we know A u (k), B u (k) (or A h (k), B h (k)) are equal
to the corresponding V(u), W(u) (or V(h), W(h)), respectively. Without the potential function, we may refer to Yoshida (see []).

Theorem . Let l, m be two non-negative integers and p, q be two positive integers satisfying p, q ≥ . Let g(Q) be defined as in Theorem
m, respectively. If h(P) is any solution of the Dirichlet problem for the stationary Schrödinger operator L a on C n ( ) with g satisfying
for any P = (r, ) ∈ C n ( ), where A h (k) (k = , , . . . , k p+ -) and B h (k) (k = , , . . . , k q+ -) are all constants.
Theorem . Let l be a non-negative integer and p be a positive integer satisfying p ≥ .
If h(r, ) is a generalized harmonic function on C n ( ) and continuous on C n ( ) such that the restriction h
for some non-negative integer l, and for a positive integer p lim sup
then, for some positive integer p = max{l, p}, 
Some lemmas
In our arguments, we need some important results and techniques, which result from [, , , ], and [] (Lemma  and Remark).
for any P = (r, ) ∈ C n ( ) and any Q = (t, ) ∈ S n ( ) satisfying  < t r
for any P = (r, ) ∈ C n ( ) and any Q = (t, ) ∈ S n ( ; (
for any P = (r, ) ∈ C n ( ) and Q = (t, ) ∈ S n ( ) satisfying r ≤ st ( < s < ), where M(k l+ , n, s) is a constant dependent on n, k l+ and s.
Lemma . Let g(Q) be a locally integrable and upper semicontinuous function on ∂C n ( ).
Let W (P, Q) be a function of P ∈ C n ( ) and Q ∈ ∂C n ( ) such that for any fixed P ∈ C n ( ) the function W (P, Q) of Q ∈ ∂C n ( ) is a locally integrable function on ∂C n ( ). Put
Suppose that the following (I) and (II) are satisfied.
(I) For any Q * ∈ ∂C n ( ) and any ε > , there exist a neighborhood U(Q * ) of Q * in R n and a number R ( < R < ∞) such that
for any Q * ∈ ∂C n ( ).
Remark . When a = , Lemma . is due to Yoshida (see [] , Lemma ). By (.), obviously we reduce to Yoshida's results. Therefore, we may omit the proof. http://www.journalofinequalitiesandapplications.com/content/2012/1/295
Lemma . If h(r, ) is an a-harmonic function on C n ( ) vanishing continuously on S n ( ),
for any r  , r  ( < r  < r  < +∞) and every r ( < r < +∞).
It is known that C n ( ) is regular, the Dirichlet problem for and L a is solvable in it (see 
Lemma . If u(r, ) is a subfunction on C n ( ) satisfying the Phragmén-Lindelöf boundary condition on S n ( ), then N(u)(r) > -∞
for  < r < +∞ and N(u)(r) is (V , W )-convex on (, +∞). If there are three numbers r  , r  and r  satisfying  < r  < r  < r  < +∞ such that
is an a-harmonic function on C n ( ; (r  , r  )) and vanishes continuously on S n ( ; (r  , r  )). 
Lemma . Let g(Q) be defined as in Theorem
Lemma . Let u(P) be a subfunction on C n ( ) satisfying the Phragmén-Lindelöf boundary condition on S n ( ). If (.) is satisfied for p =  and q = ,
for any P = (r, ) ∈ C n ( ). http://www.journalofinequalitiesandapplications.com/content/2012/1/295
By the Kelvin transformation (see [] , p.), Lemmas . and ., we immediately have the following result, which is due to Yoshida in the case a =  (see [] , Theorem .).
Lemma . Let u(P) be defined as in Lemma
is non-increasing on (, +∞). 
Lemma . Let H(r, ) be an a-harmonic function in C n ( ) vanishing continuously on ∂C n ( ), and p, q be two positive integers. h satisfies
V p h + =  and W q h + = , then h(P) = k∈I(k p+ ) A h (k)V (r, k)ϕ k ( ) + k∈I(k q+ ) B h (k)W (r, k)ϕ k ( ) for any P = (r, ) ∈ C n ( ), where A u (k) (k = , , . . . , k p+ -) and B u (k) (k = , , . . . , k q+ -) are all constants.
Proofs of the theorems
Proof of Theorem . For any fixed P ∈ C n ( ), we take a number R satisfying sR > max{, r} ( < s < ). Then from Lemma . and (.)
Then H(C n ( ), l, ; g)(P) is absolutely convergent and finite for any P ∈ C n ( ). We remark that K(C n ( ), l, )(P, Q) is a harmonic function of P ∈ C n ( ) for any Q ∈ C n ( ). Thus, H(C n ( ), l, ; g)(P) is a generalized harmonic function of P ∈ C n ( ). Next, we consider the boundary behavior of H(C n ( ), l, ; g)(P). To prove that lim sup
any Q * ∈ ∂C n ( ), we may apply Lemma . to g(Q) and -g(Q) by putting
which is locally integrable on C n ( ) for any fixed P ∈ C n ( ). Let δ be a positive number and take Q * = (t * , * ) ∈ ∂C n ( ) and any ε > . Then from (.) and (.) we can choose a number R (sR > max{, r}) ( < s < ) such that for any P ∈ C n ( ) ∩ U δ (Q * ), where U δ (Q * ) = {X ∈ R n : |X -Q * | < δ} and δ is a positive number
which is (I) in Lemma .. Because
as P = (r, ) → Q * = (t * , * ) ∈ ∂C n ( ), we know that for any Q * ∈ ∂C n ( ) and Q ∈ ∂S n ( ),
According to Lemma ., we get the required results. Next, we note the inequality
for P = (r, ),  < r < ∞. For any positive number ε, from (.) we can take a sufficiently large number r  such that
where M is the constant in Lemma . and
Then from Lemma . we have 
for P = (r, ) and r > . First, we know from (.) and (.) that if l ≥ 
We claim that
First we note increasing k (r) and Lemma C. in [], Chapter  or [], then by (.) we get
Hence, we can conclude that if l ≥ , then
Next, we see I  and note that If we can show that
we can finally conclude from (.) and (.) that
which gives the required result. To prove (.), we recall that -H(C n ( ), l, ; g
and so
Thus we obtain that if l ≥ , then
and so we conclude that
Similarly, we apply the method to g -, then we have
we get the desired conclusion.
Proof of Theorem . We see from Theorem A that lim sup
(.)
Set the two subfunctions on C n ( ) as follows:
We have from (.) and (.) lim sup
Hence, it follows from Lemma . that all of the limits B u (k)W (r, k)ϕ k ( ) for P = (r, ) ∈ C n ( ), which is required. Hence, by applying Theorem . to u(P) = h(P) and -h(P) again, we obtain from (.) that Proof of Theorem . From Theorem . we have the solution H(C n ( ), l, m; g)(P) of the Dirichlet problem for the stationary Schrödinger operator on C n ( ) with g satisfying (.). We consider the function h -H(C n ( ), l, m; g)(P). Then we see that it is an a-harmonic function in C n ( ) and vanishes continuously on ∂C n ( ). Since  ≤ h -H C n ( ), l, m; g + (P) ≤ h + (P) + H C n ( ), l, m; g -(P)
for any P ∈ C n ( ), B h (k)W (r, k)ϕ k ( ) for any P = (r, ) ∈ C n ( ), where A u (k) (k = , , . . . , k p+ -) and B u (k) (k = , , . . . , k q+ -) are all constants. Thus, we obtain the conclusion of Theorem ..
